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Abstract 

In  this  research,  a  trace  regularity  theorem  on  a  time  like  surface  is  proved  for 
the  solution  of  a  multidimensional  linear  acoustic  wave  equation  with  nonsmooth  co¬ 
efficients.  Our  theorem  indicates  that  with  microlocal  restrictions  against  tangential 
oscillations  in  the  coefficients,  the  boundary  value  is  just  as  regular  as  the  solution,  in 
particular  as  regular  as  the  coefficients  allow. 
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1  Introduction 


The  classical  trace  theorem  in  Sobolev  spaces  asserts  that  the  restriction  map  of  a  distribution 
to  a  codimension  one  hypersurface  extends  uniquely  to  a  continuous  linear  operator  from 
Hs(]Rk)  to  if  s  >  1/2.  It  is  also  well  known  that  this  result  is  sharp,  see 

Taylor  [18]  for  details.  However,  dealing  with  the  solutions  to  hyperbolic  p.d.e.,  one  may 
reasonably  expect  an  improvement  of  their  trace  regularity.  This  is  actually  the  case  if  the 
equation  with  smooth  coefficients  is  strictly  hyperbolic  with  respect  to  a  codimension  one 
trace  hypersurface,  since  then  standard  energy  estimates  will  yield  that  the  trace  map  is  from 
Hs(]Rk)  to  Hs( IRfc_1 )  locally  for  any  real  s.  Unfortunately,  the  same  idea  will  not  work  if  the 
trace  surface  is  timelike,  essentially  because  the  presence  of  grazing  rays  prohibit  the  direct 
application  of  energy  estimates.  See  Symes  [16]  and  Bao  and  Symes  [2]  for  more  comments 
on  this  aspect.  It  is  obvious  that  the  nonsmooth  coefficients  will  introduce  new  singularities 
to  the  solutions  so  that  only  limited  initial  regularity  can  be  propagated. 

In  [16],  Symes  proved  a  trace  theorem  for  the  solution  of  a.  second  order  multidimensional 
wave  equation  with  constant  coefficients:  For  finite  energy  initial  data  compactly  supported 
away  from  the  boundary  (with  the  absence  of  the  grazing  rays),  the  trace  is  of  class  Hfoc 
which  is  as  regular  as  the  solution  in  the  interior.  Some  similar  trace  regularity  results  were 
obtained  by  Lasiecka  and  Triggiani  [10]  for  the  solutions  of  second  order  hyperbolic  mixed 
problems  based  on  the  application  of  the  Laplace-Fourier  transform.  See  also  Lasiecka  and 
Triggiani  [11]  for  some  sharp  global  trace  regularity  results  for  second  order  hyperbolic 
equations  with  smooth  coefficients  and  Neumann  boundary  conditions. 
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Recently  in  [2],  we  proved  a  trace  theorem  for  general  linear  p.d.e.  with  smooth  variable 
coefficients,  applying  the  Hormander-Nirenberg  pseudodifferential  cutoff  technique  and  the 
method  of  energy  estimates.  Our  theorem  shows  that  the  difficulty  above  may  be  resolved 
by  imposing  more  smoothness  against  grazing  ray  directions. 

Roughly  speaking,  the  analysis  in  this  paper  is  similar  to  that  of  Bao  and  Symes  [2].  Two 
major  differences  are: 

•  Since  in  this  work  our  attention  is  restricted  to  the  second  order  equation,  compared 
to  the  general  case  in  [2]  a  much  simpler  tp.d.o.  cutoff  of  the  operator  becomes  possible. 

•  Note  that  the  model  problem  has  nonsmooth  coefficients;  therefore  the  propagation  of 
singularity  theorems,  Theorems  2. 1-2.2,  have  to  be  involved  in  the  analysis  in  contrast 
to  [2]  where  the  coefficients  were  assumed  to  be  smooth  and  no  side  condition  was 
introduced  and  discussed  explicitly. 

In  this  paper,  a  trace  regularity  theorem  on  a  time  like  surface  is  proved  for  the  solution  of 
a  multidimensional  linear  acoustic  wave  equation  with  nonsmooth  coefficients.  Our  theorem 
indicates  that  with  microlocal  restrictions  against  tangential  oscillations  in  the  coefficient, 
the  boundary  value  is  just  as  regular  as  the  solution,  in  particular  as  regular  as  the  coefficients 
allow.  These  properties  of  traces  also  indicate  that  the  conclusion  of  our  trace  theorem  is 
optimal.  However,  as  compared  to  the  one  dimensional  problem,  a  much  higher  degree  of 
overall  smoothness  has  to  be  imposed. 

Because  of  the  non-hyperbolicity  of  the  operator  with  respect  to  a  time-like  hypersurface, 
a  pseudo-differential  cutoff  of  the  operator  and  results  on  propagation  of  singularities  are 
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necessary  in  order  to  apply  the  method  of  energy  estimates.  Moreover,  the  presence  of 
nonsmooth  coefficients  demands  various  results  in  nonsmooth  microlocal  analysis. 

In  Chapter  2,  Rauch’s  lemma  on  the  algebraic  property  of  microlocal  Sobolev  spaces  and 
a  Beals-Reed  linear  propagation  of  singularities  theorem  are  extended.  Our  extension  of  the 
Beals-Reed  theorem  guarantees  that  under  similar  hypotheses  some  lower  order  microlocal 
regularity  of  the  solution  (for  instance,  //^-regularity,  for  s  >  0)  will  also  propagate  along 
the  null  bicharacteristics. 

In  Chapter  3,  we  prove  a  trace  regularity  theorem  for  the  solution  of  a  linear  acoustic 
wave  equation  by  using  the  propagation  of  singularities  theorem  introduced  in  Chapter  2, 
along  with  an  pseudodifferential  (xl>.d.o.)  cutoff  technique  and  standard  hyperbolic  energy 
estimates. 

It  is  appropriate  to  conclude  this  introduction  with  some  general  remarks  on  the  useful¬ 
ness  of  our  methods.  In  this  paper,  we  only  consider  a  simple  second  order  hyperbolic  p.d.e. 
with  nonsmooth  coefficients  at  lower  order  terms  (constant  coefficients  in  the  principal  part). 
Without  any  further  difficulty,  similar  results  may  also  be  obtained  for  higher  order  hyper¬ 
bolic  p.d.e.  with  nonsmooth  coefficients  at  lower  order  terms.  A  combination  of  our  earlier 
result  in  [2]  (for  smooth  variable  leading  terms)  and  the  ideas  in  this  paper  may  lead  to  a 
analogous  trace  regularity  result  for  a  second  order  strictly  hyperbolic  p.d.e.  with  smooth 
coefficients  at  the  principal  part  and  nonsmooth  coefficients  at  the  lower  order  terms. 

As  one  can  expect,  the  case  when  non  smooth  coefficients  are  present  in  the  principal  part 
of  the  operator  is  much  more  difficult  to  study.  One  of  the  main  reasons  is  because  that 
our  Beals-Reed  type  result  on  propagation  of  singularities  (Theorem  2.1)  is  possible  because 
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the  highest  order  symbol  of  the  operator  is  smooth,  so  that  a  pseudo-differential  cut-off 
could  be  found  following  Nirenberg  [13]  such  that  the  principal  part  of  its  commutation  with 
the  differential  operator  vanishes.  However,  such  a  pseudo-differential  cut-off  will  not  be 
available  when  coefficients  of  the  principal  part  of  the  operator  are  nonsmooth,  see  Beals 
and  Reed  [7]  for  more  discussions.  For  this  problem,  some  partial  results  have  been  obtained 
and  will  be  reported  elsewhere. 

Notation.  Throughout  this  work,  the  reader  is  assumed  to  be  familiar  with  the  basic 
calculus  of  Pseudodifferential  Operators  (“  if.d.o.  ”)  as  stated  in  Taylor  [18]  and  Nirenberg 
[13].  A  classical  ip.d.o.  P  of  order  m  is  denoted  as  P  E  OPSm  with  its  symbol  p  €  Sm. 
ES(P)  stands  for  the  essential  support  of  operator  P.  W F(u)  denotes  the  wave  front  set  of 
a  distribution  u.  Hs  is  the  standard  ZF-type  Sobolev  space  and  ZZ*oc  means  a  local  Sobolev 
space.  (£)  means  (1  -f  l^2)1/2.  The  Fourier  transform  of  a  distribution  u  is  expressed  as  u. 
Usually,  the  constant  from  the  Fourier  Transform  is  assumed  to  be  absorbed  by  the  integral. 
For  simplicity,  C  serves  as  a  generalized  positive  constant  the  precise  value  of  which  is  not 
needed.  Finally,  \r  is  the  characteristic  function  of  a  set  F. 

2  Propagation  of  Singularities 

Our  main  result  in  this  chapter  is  a  linear  propagation  of  singularities  theorem  which  is  an 
extension  of  Theorem  1  in  [6]  (“the  Beals-Reed  theorem”).  The  theorem  assures  that  weaker 
regularity  (than  in  [6]  )  of  the  solution  may  also  be  propagated  along  the  null  bicharacteristics. 
The  main  ingredients  in  our  proof  are  an  extended  Rauch’s  lemma  and  a  commutator  lemma. 
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We  also  take  care  of  an  interesting  special  case  (which  often  appears  in  practice)  where  the 
coefficients  depend  only  on  some  of  the  variables  and  show  that  for  this  case  better  regularity 
results  will  become  possible. 

We  prove  the  theorem  by  following  the  general  scheme  of  the  proof  of  the  Beals-Reed 
theorem  in  [6].  The  pseudodifferential  cutoff  technique  in  their  proof  was  analogous  to  a 
proof  of  Hormander’s  theorem  (see  [8]  for  the  original  form)  as  described  in  Nirenberg  [13]. 
Except  for  the  use  of  Rauch’s  lemma  since  nonsmooth  coefficients  and  right-hand  side  were 
present,  the  key  step  was  a  commutator  lemma  which  allowed  them  to  compute  the  action 
on  Hs  D  H[nt{ 7)  of  a  commutator  of  a  ip.d.o.  with  a  differential  operator  whose  coefficient 
was  nonsmooth.  Then  a  local  existence  theorem  with  microlocal  hypotheses  completed  their 
proof. 

The  following  estimate  will  be  used  frequently.  Other  related  kernel  estimates  may  be 
found  in  Beals  [4]  and  Beals  and  Reed  [7]. 

Proposition  2.1  ( Rauch  and  Reed  [15])  Define 

TgM )  =  J  -  nVk 

where  f,g  £  L2 .  Then  the  estimate 

\\TgM)\\L>  <C\\f\\L4g\\L, 

holds  if  I(([,  g)  can  be  decomposed  into  finitely  many  pieces,  i.e.  K  —  Ki(f,  g),  each  of 
which  satisfies  one  of  the  following  conditions: 

(1)  sup  f  \Ki(f,g)\2dg  <  C0  <  +00, 
t  J 
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(2)  sup  J\K^)?di  <  Co  <  +oo. 


An  immediate  consequence  of  Proposition  2.1  leads  to  a  key  estimate  in  this  chapter. 


Corollary  2.1  Define 


f{y)g{Z  ~  v) 
(v)a{£  -  v )p 


where  f,g  <E  T2(lRn).  a  +  ;3  >  n/2.  Then 


PUOIU*  <C\\f\\Mv  • 


We  will  also  need: 

Proposition  2.2  Assume  that  I\'  is  a  closed  cone  which  is  strictly  contained  in  an  open 
cone  I\  .  If  £  €  K',  y  £  I\c,  then 

(1)  is  -  v\  >  Ciiei,  C,  >  0; 

(2)  if\{\>Co>0,  then  (t-v)>C(0. 


2.1  Microlocal  Sobolev  spaces 

We  present  some  basic  properties  of  microlocal  Sobolev  spaces.  Only  new  results  will  be 
proved. 

The  standard  Schauder’s  lemma  asserts  that  f/s(IR”)  is  an  algebra  for  s  >  n/2.  Con¬ 
cerning  the  lower  order  Sobolev  spaces,  one  can  generalize  Schauder’s  lemma  in  a  number  of 
ways. 

Lemma  2.1  If  u  £  HSl  ( HP  )  and  v  6  IIs'2  ( IFC ) ,  with  -Si  +  s-2  >  0,  then 

uv  £  Hmm(s  jor  any  S>0. 
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See  Beals  [4]  for  a  proof  when  either  si,S2  >  0  or  <  n/2  and  si  +  S2  >  0.  The  complete 
proof  may  be  found  in  Bao  [1], 

For  family  of  distributions,  we  state  a  slightly  weaker  algebraic  property. 

Lemma  2.2  (Generalized  Schauder’s  Lemma)  If  s\,s2  >  0,  u(x)  G  i/Sl(IRno),  v(x,y )  € 
iLS2(IRn),  and  1  <  no  <  n.  Then 

u(x)v(x,y)£Hs(1Rn), 

with  s  =  min{s\,S2,s-i  +  s2  —  uq/2  —  6},  for  any  6  >  0. 

The  proof  is  a  combination  of  some  kernel  estimates  and  Young’s  inequality,  see  [1]  for  a 
complete  proof. 

It  is  evident  that  the  microlocal  Sobolev  spaces  give  a  precise  description  about  how 
regularity  and  singularities  are  propagated  for  solutions  to  linear  strictly  hyperbolic  p.d.e.. 

Definition  2.1  u  G  IIs  fl  r0,<fo)  if  there  exist  <j>{x)  G  C'o°(IRn)  with  <f>(x 0)  /  0  and  a 
conic  neighborhood  7  C  IRn  \  { 0 }  of  (0  such  that 

<0'(MA(0  G  L2mn)  and  <0r*y(0(*«)A(0  €  T2(IR")  . 

To  work  on  microlocal  Sobolev  spaces,  Rauch’s  lemma  is  essential.  It  gives  the  algebraic 
property  of  this  interesting  class  of  spaces.  Here,  we  prove  an  extended  Rauch’s  lemma. 

Lemma  2.3  Suppose  that  for  some  (,'c0,  <f0)  G  T"*(IR”o)\0  where  (xo,  yo,  £0,  Vo)  €  T*(IRn)\0 
(1  <  no  <  n),  the  distributions  u,  v  satisfy  u(x)  G  Hs  fl  H^e(x o,£o)  and  v(x,y)  G  Hl  fl 
Hqm((x0,yo,^o:Vo),  with  77.0/2  <  s.  0  <  l  <  s,  q,  and  q  <  l  +  s  -  n0/ 2.  Then 

u{x)v{x,y)  G  II1  fl  Hl({x0,yo,to,7io)  . 
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Proof.  The  fact  that  uv  £  Hjoc  comes  from  Lemma  2.2.  W.L.O.G.,  we  may  assume  that 
u,  v  have  compact  supports  in  their  own  spaces.  Moreover,  we  only  prove  the  lemma  for 
the  case  q  >  s;  &  natural  modification  of  the  proof  will  yield  the  conclusion  for  q  <  s.  Let 
K  be  a  conic  neighborhood  of  (£0,770)  which  is  small  enough  so  that  v  6  Hl  D  Hf^K)  and 
u  €  Hs  fl  Hqmf(T),  where  T  is  the  projection  of  K  on  the  £-space.  Let  K'  CC  K,  a  strictly 
smaller  conic  neighborhood  of  (£o,r/o)-  fo  is  the  projection  of  K'.  It  suffices  to  show  that 

€  L\  1RB)  • 


Write  u  =  ii\  +  u2,  v  —  +  v2  such  that 


Then 


ui  €  Hs  ,  u2  £  Hq  ,  and  supp  fo  C  Tc  ,  supp  u2  C  T  , 
v\  £  H1  ,  z>2  £  Hq  .  and  supp  v\  C  I(c  ,  supp  v 2  C  K  . 


UV  —  U 1U1  -f  U iV2  +  U2f  1  +  U2V2  . 


According  to  Lemma  2.2,  u2n-2  €  Hq,  therefore  it  suffices  to  show  that 


W  =  uv  -  u2v 2  -  u\Vi  +  U1V2  +  u2v\  £  Hl  fl  Hqml{K')  . 


Let 

<0'«i(0  =  /i(£)>  <0^2(0  =  /2(0  , 

(£,*/)  =  ,  (Lv)qV2{Z,v)  =  1 

then  /{  €  L2(IRn°)  and  <7,  6  T2(1R”),  i  =  1,2.  Thus  we  may  decompose 

(G^,\7r'(Gr/)lT(^7;)  =  71  +  /2  +  /3, 
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where 


r  //.  f  XK’tt,ri)xrtZi)XK‘(t-ZuV)f2(ti)9i(t-tun)dti 
h  ={(’’,)] - - ’ 

h  ={i'v)l - - ’ 

r  U  \o  f  XK'{Z,v)xr'(ti)XK'(t  -  Zuy)Mh)9i(t  -  tuv)<%i 

h  ={i'”]J - WITi^W - ' 

Therefore,  to  accomplish  the  proof,  we  only  need  to  show  that  I,  €  L2(JRn)  (i  =  1,-  ■  -,3). 
On  support  Ii,  (£  —  <fi ,  //)  £  I\c  and  (£,7;)  £  K'  =4>  (£i,0)  >  C(£,r]).  Hence 

,  ,  ,/  [  I  MSi)gi(t  -6,»?)  I  d(i 

lh  YT1T  ’ 

therefore  an  extension  of  Corollary  2.1  and  the  hypotheses  will  yield 


II I\ II L2(iRn)  <  C||^||l2||/2||l2  ; 


On  support  I2,  6  €  Pc,  (£,7?)  €  K'  =>{(,-  6 ,rj)  >  C{£,rj),  Young’s  inequality  gives 


IU2II mo  <  c 


1  m)  1 


(0s 


11^2 ||l/2(]Rn)  • 


Thus,  one  gets  from  the  hypothesis  s  >  n0/'2  that 


P2||z.2(]ft")  <  CH/i  ||  L2(]R’*o  )  ||  <?2  ||.L2(]Rr‘)  i 

On  support  /3,  £1  €  F,  (£  —  if  1 ,  ij )  €  Kc,  (£,7/)  €  K.  Then,  since  q  <  /  +  s  —  no/2,  one  may 
apply  an  extension  form  of  Proposition  2.3  below  to  obtain 


IICsIlL^Ft")  <  qi/iMMU2. 


□ 
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Remark  on  Lemma  2.3.  Note  that  for  n0  =  n  and  l  =  s,  this  lemma  becomes  the  original 
Ranch’s  lemma.  Since  /  can  be  any  constant  between  0  and  s,  q  can  be  any  number  in  the 
interval  [/,  s  +  /  —  no/2 ),  Lemma  2.3  is  indeed  an  improvement  of  Rauch’s  lemma  (even  when 
n0  =  n). 

We  claim  that  like  Rauch’s  lemma,  Lemma  2.3  cannot  be  strengthened.  The  following 
result  and  an  example  exhibit  the  extent  to  which  the  result  is  applicable. 

Proposition  2.3  Let  h\,  K 2.  and  K  be  cones  in  1R”\0  mid  assume  that  U{  £  iLs’(]R”)  and 
LllTL1(tOj)  C  I\i,  i  =  1,2,  where  Id  denotes  the  projection  on  the  second  factor  (or  on  the 
frequency  space).  If  K  CC  fl  K'f  then 

Xi<(D)(wiW2)  £  Hs  ,  ifs  <  s!  +  s2  -  n/2  . 

Remark.  When  .5  <  Sj  +  s2  —  n/2 ,  the  result  is  due  to  Rauch  (Theorem  2.2  in  [14]);  the 
extreme  case  was  first  observed  by  Meyer  in  [12].  The  proposition  cannot  be  strengthened 
because  an  example  of  Beals,  see  Beals  [5]  pages  15-16  for  details. 

2.2  Commutator  lemma 

Having  introduced  the  basic  concepts  of  microlocal  Sobolev  spaces,  we  now  present  a  commu¬ 
tator  lemma  which  is  necessary  in  order  to  prove  any  results  on  propagation  of  singularities 
for  a  p.d.e.  with  nonsmooth  coefficients. 

Lemma  2.4  ( Generalized  Commutator  Lemma)  Let  pi  ( x ,  y,  £,  ij )  £  S’1(IRn)  and  b0(x ,  ?/,  £,  77)  £ 
5°(IRri),  and  assume  that  for  some  (r-o,£o)  £  T*(1R"0),  (x0, ?/o, £0, yo)  £  T*(IRn)  (1  <  n0  < 
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n),  a(x)  £  HsOHqm((x  0,£0)  andv{x,y )  £  HlnHqie(x0,  j/0,  £0,  Vo),  with  l+n0/2  <  s,0  <  l  <  s, 
q,  and  q  <  l  +  s  —  (1  +  no/2).  Then 

[60,  €  //'  n  Hqm((x0,yo,(,o,Vo)  ■ 

We  shall  only  prove  this  lemma  for  the  case  no  =  n;  the  general  case  follows  after  some 
obvious  modifications.  The  proof  contains  two  steps:  Proposition  2.4  offers  the  local  version 
of  the  commutator  action,  while  the  microlocal  version  is  given  as  Proposition  2.5. 

Proposition  2.4  Let  p\(x,()  £  -S'1,  ba(x,£<)  £  S°  be  properly  supported,  let  l+n/2  <  s,  and 
assume  that  a(x)  £  IT  and  v ( x )  £  ft1  with  0  <  /  <  s.  Then 

[&o(.r,  D),a(x)pi(x,D)]v(x)  €  II1  . 


Proof.  Assume  that  b0.p\  depend  on  £  only,  and  v,a  are  compactly  supported  (the  general 
case  requires  some  obvious  modifications).  We  only  consider  l  >  1  case.  A  slightly  different 
analysis  will  lead  to  the  conclusion  for  0  <  /  <  1. 

[60(D),a(a:)p1(T»)]u(0 

=  M£)  f  a{T])pi{(  -  p)v{f  -  p)dp  -  J  a(p)Pl(f  -  r/)60(£  -  rj)v(f  -  p)dp 
=  j  %)(M£)  -  b0(f  -  T]))pi{f  -  t])v(f  -  p)dp  . 

Write  d{y)  =  f{r))/(q)s,  v($  -  ?/)  =  g{f  -  p)/(f  -  //)',  then  f,g  £  L2.  Thus 

(0‘  [bo(L>),a(x)Pl{  D)}v(t)  =  J  K(£,  p)f(p)g(f  -  g)dp  , 


where 


m^)< 


c(oim)-b0(f-V)\ 

(p)s{f  -  7])l~l 
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By  Proposition  2.1,  it  suffices  to  divide  I\  into  finitely  many  pieces  so  that 


sup  J  \m,V)\2dV 


<  oo  ,  or  sup 


up 


<  OO  . 


But  this  is  obvious  from  the  given  regularity  assumptions  and  Proposition  2.2,  together  with 
the  following  facts:  For  |?/|  >  |£|/2  and  |4  —  ?/j  >  |4|/2, 


\K\< 


C 


(0 


s- 1 


For  \i]\  >  |£|/2  and  |4  -  ?/|  <  |4|/2, 


CIO1  c 

\I<\  <  .  .  ^  , .  .  < 


(Q'it-V)1-1  -  (t-v)*-1  ’ 


For  \rj\  <  |4|/2,  4  -  V  ~  0  thus  |M4)  -  M4  -  h)l  <  C(r])f((),  and  consequently, 


I  A' I  < 


C 


c(Ol(v)  _ 

(r/)5(4)'-1(4)  {r))s~l  ‘ 


□ 


Proposition  2.5  Let  P\(x,£)  G  S’1,  b0{x,  4)  G  S°  be  properly  supported,  and  assume  that 
for  some  (x0,4o)  G  T*(IRn)\0,  a(x)  G  Hs  fl  Hqmt{xQ,  4o)  and  v(x)  G  Hl  D  Hqmt(x0, 4o),  with 
1  +  n/2  <  s,  0  <  /  <5,  q  and  q  <  l  +  s  —  (1  +  nj 2).  Then 

[b0(x,  D),  a(x)p^(x,  D)]v(x)  G  Hqmi(x 0,40)  .  (2.1) 


Proof.  As  before,  after  making  some  simplifications,  we  have 


[60(A>),  a(a:)pi(A»)]u(4)  =  j  a(i?)(M4)  -  M4  ~  »7))Pi(£  -  -  »/)^  • 
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Let  K  be  a  small  conic  neighborhood  of  £0  such  that  a  6  Hs  D  Hqrni(K)  and  v  6  Hl  fl  Hqni( (K). 
Let  K'  be  a  strictly  smaller  conic  neighborhood  of  £o!  then  in  order  to  prove  (2.1)  it  suffices 
to  show  that 


XK'(Z)(Oq  [M0),a(*)pi(0)M£)  €  L  . 


(2.2) 


Write 

d(?/)  = 
v((  -  V)  : 
where  a,, n,-  G  L 2  (i  —  1,2). 


XKiv)a iiv)  ,  xMv)a2(v) 


(VY 


+ 


(vY 


xi<{(  -  vYitt  -v)  +  xkYZ  -  -  v) 


(( -  vY 


(C  -  vY 


(2.3) 

(2.4) 


We  only  prove  (2.1)  for  the  case  where  q  >  s,  since  if  q  <  s  then  (2.3)  will  become 
a(rj)  =  ,  and  the  same  analysis  will  go  through  with  much  simpler  arguments. 

Substituting  (2.3)  and  (2.4)  into  (2.2),  we  then  have 

Xi<'{0"  [bo,«Pi}v{0  =  Y  J  ~  V)dv  , 


where 


(1)  Ku(Z,V)  = 

(2)  K12{t,v)  = 

(3)  Kn(t,r,)  = 

(4)  K M(e,i7)  = 


i,j=i 


XK'(0(0qXi<(v)Xi<{£,  -  v)(bo(Q  -  botf  -  v))(C  -  v) 

(vYit-vY 

XK'(Z){QvXhiv)xhAZ  -  v){bo{Q  -  -  *?))(£  -  v) 

(vY(t-v)1 

xi<'{0{Q'1xkYv)xi<U  -  q)(&o(0  -  Me  -  v))(C  -  v) 
(vY(C  -  vY 

XK'{Z){Z)qXK'{ri)XK‘(Z  -  v)(MO  -  bo(t  -  v))((  -  v) 


(vYii-vY 

It  follows  from  Proposition  2.1  (essentially  Cauchy- Schwarz  inequality)  that  the  corre¬ 
sponding  estimates  of  the  kernels  will  complete  the  proof: 
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(1)  K\ i  will  be  handled  exactly  as  in  Proposition  2.4,  knowing  the  fact  that  l+n/2  <  q. 


(2)  Since  q  >  s,  the  hypothesis  implies  that  l  —  l  >  n/2.  On  supp  K\ 2,  £  —  h  £  Kc , 
£  €  A''  =>  {?/)  >  C(<f);  hence 

if  If  -  hi  >  C|fl  ,  then  |Ad2|  <  , 

if  |f|  >  C|f  -  hi  ,  then  | Ad 2 1  <  . 

(3)  On  supp  A'21,  h  €  A'c,  if  6  K1  =>{£  —  ?))>  C{£).  Now 

if  Ihl  >  lfl/2  ,  then  |A'2i|  <  ,  s  -  1  >  n/2  ; 

if  Ihl  <  If  1/2  then  f  -  h  ~  f  ,  thus  |60(f)  -  Mf  -  h)|  <  <?(h)/(f)  , 

and  it  follows  that  A'21  <  -  ■■  ^  ■■  ■  -  -  — -7- -  <  7-7 — -  for  s  —  1  >  n/2. 

-  (h)s(£-h)9(0  "  (h)5"1 

(4)  On  supp  A 22?  h  €  A'c,  £  —  //  £  A'c,  f  £  A''  =>  Proposition  2.3  can  be  applied  to 
treat  this  term  since  q  <  l  +  s  —  (1  +  rc/2). 


□ 


2.3  Propagation  of  singularities  theorem 

We  are  now  ready  for  a  formal  statement  of  the  main  result  of  this  chapter:  a  linear  prop¬ 
agation  of  singularities  theorem  for  c.d.o.  equations  with  nonsmooth  coefficients  at  lower 
order  terms.  The  proof  follows  exactly  the  proof  of  Beals-Reed  theorem  in  [6]  with  the  orig¬ 
inal  Rauch’s  lemma  replaced  by  its  extension  Lemma  2.3  and  the  commutator  lemma  of  [6] 
replaced  by  Lemma  2.4.  Therefore  we  omit  the  proof. 
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Theorem  2.1  Let  pm(x,D)  be  a  strictly  hyperbolic  homogeneous  if.d.o.  of  degree  m  >  2, 
pa(x,£)  G  S’"1-1,  pp( x,f)  €  S'”1-2,  «>//./*  ,r  =  (aT!,x2)  €  IRn°  x  IRn_"°,  1  <  n0  <  n.  Let  T 

be  a  null  bicharacteristic  of  pm  passing  through  (r0)  £o)  €  T*(1R")\0.  Denote  K  =  11  ( T ) , 

II  :  T*(lRn)  — >  T*(lRn°)  the  projection  map.  Assume  that 

(i)  1  +  ??o/2  <  s,  0  <  l  <  s,  q,  and  q  <  l  +  s  —  ( 1  +  no/2); 

(ii)  a a  €  ID  n  HjJ  K  )  and  afj  G  Hs~l  n  H^(K); 

(in)  v  G  Hl+m~ 2  n  r)  and  f  G  Hl  n  Hqm((T); 

(iv)  v  G  Hj+em~2+c(x 0,^o),  for  .some.  0  <  e  <  1, 


and  that 


Then 


[ Pm{x,D )  +  'Zaa(xi)pa(x,D)  +  1Tap(xll)p0(x,D)]v(x)  =  f(x)  . 


V  e  /cr-2+‘(n . 


An  immediate  consequence  of  Theorem  2.2  is  a  theorem  on  propagation  of  singularities 
due  to  Beals  and  Reed,  Theorem  1  in  [6]. 

Remark  on  Theorem.  2.1. 

Notice  that  the  Beals- Reed  theorem  as  well  as  Rauch’s  Lemma  are  designed  for  the  study 
ot  nonlinear  propagation  of  singularities.  In  that  case  the  coefficients  or  the  right-hand  side, 
roughly  speaking,  have  same  (or  closely  related)  regularity  as  the  solution  to  the  problem. 
Theorem  2.1  deals  with  much  more  general  situations,  since  /  could  vary  from  0  to  s  and 
q  G  [/,  /  +  s  — •  (1  +  no/2))  (unlike  in  the  Beals- Reed  theorem). 
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We  conjecture  that.  Theorem  2.1  cannot  be  improved  much  concerning  the  regularity 
requirements  for  the  coefficients  and  right-hand  side,  since  the  conclusions  of  Lemma  2.3 
and  Lemma  2.4  cannot  be  strengthened. 

The  most  precise  information  about  the  propagation  of  singularities  may  be  obtained 
in  the  case  of  one  space  dimension.  Roughly  speaking,  the  improved  microlocal  regularity 
is  then  propagated  along  null  bicharacteristics  with  very  few  restriction  on  the  order  of 
smoothness.  This  certainly  is  not  implied  by  Theorem  2.1.  Note  that  the  result  itself  is  not 
too  surprising  if  one  observes  that  the  one  dimensional  wave  operator  can  be  factored  into 
products  of  differential  operators.  But  it  suggests  a  substantial  difference  between  the  one 
dimension  and  multidimension  for  hyperbolic  p.cl.e.,  which  is  somehow  remarkable. 

3  Trace  Regularity  Theorem 

3.1  Properties  of  t/j.t/.o.-like  operators 

It  is  evident  that,  a  smooth  family  of  dp.d.o.  P(x,y,Dx)  £  OPSm(Mk°),  for  each  y  £  IRA:'~'fc° 
with  k-o  <  k,  which  may  be  denoted  as  P  £  C°°(IRfc_fco,  0.P5'm(IRfco)),  is  not  necessarily  a 
4>-d.o.  in  JR/;,  see  Bao  and  Symes  [2]  or  Taylor  [17].  In  [2],  we  concluded  that  a  smooth  family 
of  ip.d.o.  in  fact  behaves  like  a  ipd.o.,  hence  will  be  called  a  ip.d.o.- like  operator. 

From  now  on,  LI  2  :  X  £  T*(\Rk)  —>  1  £  IR7  x  IRfc°  serves  as  a  map  for  k  >  ko, 

il2(X)  =  {(x,y,t)eY:  (x,y,e,i7)€  *}  . 
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Recall  that  the  normal  bundle  of  a  foliation  1R'  =  IR k  k°  x  IRfc°  is  the  set 


JV  =  {{x,y,Z,i])  e  IRA'°  X  mk-ko  x  lRfc°  x  IRfc_fc° , £  =  0}  . 

We  now  recall  a  fattening  lemma  (the  Lemma  in  Bao  and  Symes  [2]).  The  usefulness  of 
this  lemma  will  become  clear  in  the  proofs  of  the  coming  trace  theorems. 

Lemma  3.1  (Fattening  Lemma)  Let  B(x,  y.  Dx )  €  C°°( IRA_/i0 ,  OPSm(lSiko)  and  A(x ,  y,  Dx ,  Dy)  £ 
OPSm°  (lRfc),  where  1  <  /'0  <  k.  Let. 

AT={(r,Z)e  m*xiR\  (6,---,6o)  =  0} 

be  the  normal  bundle  of  IRfc°  x  IRA— ^ .  Also,  assume  that 

(1)  A  is  microlocal  elliptic  on  a  conic  set  Ell(A),  with  Af  CC  Ell(A); 

(2)  ue  ff*n  H!$'({T-(mk)\EIHA)}r,iirES(B(; y,.))); 

(3)  A<tm  €  whm  </■(*)  €  C0”(IR‘). 

Then 

Bfu  €  Htfn+]  (1RA)  , 

in  addition,  if  B  is  either  a  convolutional  operator  or  its  symbol  has  compact  support  in 
spatial  variables, 

B4>u  e  Hh~m+1{  ]Rfc)  . 

Remark.  The  lemma,  provides  a,  convenient  way  to  determine  the  regularity  of  the  action  of 
a  smooth  family  of  frcl.o.  on  a  distribution  under  some  appropriate  hypotheses.  This  lemma 
plays  a  dominant  role  in  deriving  our  trace  regularity  theorem. 
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Furthermore,  an  estimate  can  be  obtained  by  carrying  out  all  the  corresponding  estimates 
in  the  proof  of  Lemma  3.1: 

Lemma  3.1’  Under  the  assumptions  of  Lemma  3.1,  the  following  estimate  holds: 

\\<j>oB<l>u\\h-m+i  <  Clldmll/*  +  C\\(/)oA<f>u\\h-mo+i  +  C,||<^0P<?!>u|k+i  , 

where  <f>o(x)  €  Cq1  ( IRfc ) ,  P  <5  OPS'0  and  ES(P)  C  a  sufficiently  small  conic  neighborhood  of 
T  =[T*(mk)\Ell1}nn^ES(B(;y,-))  and  p  =  1  on  rn{(x,0  :  lei  >  1}. 

3.2  Construction  of  a  cutoff 

From  now  on,  the  space  variable  is  always  denoted  as  (x',xn)  €  JRn_1  x  IR,  n  >  2,  and  the 
Fourier  variables  dual  to  t,x  are  respectively. 

For  convenience,  we  construct  a  cutoff  in  Lemma  3.2  below  by  following  Nirenberg’s 
construction  of  if.d.o.  cutoffs  in  [13].  Although  the  lemma  is  stated  for  the  wave  operator 
□  =  d]  —  A  (A  is  the  n-dimensional  Laplacian),  which  is  what  we  need  in  this  work,  it  is 
clear  from  the  proof  that  the  corresponding  result  for  general  operators  can  be  established 
with  no  further  difficulty. 

Let 

□  (.T,f^,w)  =  (l/2)(a;2-|e|2), 

the  bicharacteristic  strips  of  □  are  defined  by  the  Hamiltonian  System 

$  =  -z ,  i  =  o , 

1  —  LO  ,  U>  =  0  . 
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The  null  bicharacteristics  of  □  are  those  that  satisfy  u2  =  |£|2  .  For  example,  one  can  easily 
write  down  the  characteristic  through  the  point  (x0,  0,  £o,  Wo)  wibh  cUq  =  |<fo | 2  as 

{{x,t,£,u>)  :  x  -  x0  -  {£o/wo)t,  £  =  (o,  and  u  =  u;0)  . 

Lemma  3.2  Given  a  conic,  set  7,  there  exists  a  B  £  OPS0  such  that 

(1)  [B,  □]  e  OPS0; 

(2)  B  is  elliptic  on  the  null  bi  characteristics  (Hamiltonian  flow)  generated  by  the 
wave  operator  □  out  of  7. 

Proof.  According  to  Nirenberg’s  proof  of  the  theorem  of  propagation  of  singularities,  we 
can  find  a  ip.d.o.  A  of  order  zero  for  every  null  bicharacteristic  of  □  out  of  7  such  that  A  is 
elliptic  on  a  small  conic  neighborhood  of  the  bicharacteristic  and  [ A ,  □]  £  OPS0. 

Now  B  may  be  constructed  in  the  following  way:  B  =  A  where  A  is  defined  as 
above.  Then  B  £  OPS °,  it  can  be  arranged  to  be  elliptic  on  the  Hamiltonian  flow  out  of 
7,  and  [B,  □]  £  OPS0.  Moreover,  the  local  compactness  of  the  unit  sphere  ensures  that  the 
summation  is  finite.  □ 

Remark.  The  same  idea  could  lead  to  the  existence  of  B  £  OPS0  with  all  the  properties 
of  B  and,  moreover,  [. B ,  □]  £  OPS~°^ .  However,  it  is  evident  that  with  the  presence  of 
nonsmooth  coefficients,  the  fact  that  [ B ,  □]  £  OPS~°°  will  not  benefit  our  analysis  any 
further. 
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3.3  Trace  theorem 


In  this  section,  we  present  a  trace  theorem  tor  a  linear  acoustic  wave  equation  with  nons¬ 
mooth  coefficients  at  lower  order  terms.  With  the  presence  of  nonsmooth  coefficients,  the 
extended  Beals-Reed  theorem  (Theorem  2.1)  is  necessary  to  describe  how  the  singularities 
are  propagated. 

In  order  to  derive  the  corresponding  trace  estimate  on  the  solution,  we  need  a  Garding’s 
type  inequality  concerning  the  mic.rolocal  ellipticity.  A  simple  exercise  of  the  calculus  of 
ip.d.o.  gives  the  proof,  see  Bao  [1]  for  details. 

Lemma  3.3  Assume  that  Q x  €  OPS' ?M ,  Qi  €  OPS™2,  with  mi, m2  €  IR.  Furthermore 
assume  Q 2  is  elliptic  on  ES( Q\ ) .  Then  for  any  r  €  IR,  f 2  and  O'  two  open  bounded  sets  of 
IR71  with  Q  CC  fh,  and  u  G  C^(Q), 

IIQwlLfi  <C'||Q2«||  s+mi  —m2,n'  T  C |M|r,n'  • 

It  is  convenient  to  introduce  a  useful  notation. 

Definition  3.1  Let  Q  (  IR  be  open  and  bounded ,  7  G  / 1  (h) .  A  constant  (S  zs  sazd  to 
depend  on  the  Ids  fl  of  u  G  (ff  ( IRfc )  if  for  any  conic  neighborhood  V  of  j  there 

exists  a  zf.d.o.  of  order  zero  with 

•  ES(Q)  C  r 

•9=1  on  7  D  {(.r,£)  :  |£|  >  1} 
and  C  depends  on  1 1;/,| |.,  +  ||Qu||r.o- 
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We  are  now  ready  to  show  a  trace  regularity  theorem. 


Theorem  3.1  Suppose  that  s  >  3  +  nf 2  and  that  u  solves  the  problem 


[□  -  Vtr(.lr)  •  V]«(.T,i)  =  /(.T,()  , 

u(x,t)  €  //'  n  ,  near  {1  =  0}. 


(3.1) 

(3.2) 


with 

7  =  n  X  {(£,w)  €  lRn+1  ,  (1  +  \?\2  =  ^  &|  <  eoiri}  , 

for  small  e0  >  0.  Q  is  a  compact  subset  of  {(x,t)  G  IRn+1  ,  \t\,  |x„|  <  Co}  and 

T  =  a  conic  neighborhood  of  7  . 


Assume  that 


(i)  U  e  H‘~l  n  H‘U D,  1  <  /  <  5; 

(it)  Va{x)  G  H-1  n  Hlmt(K)>  n  :  r  C  T’*(IRn+1)  ->  K  C  T*{ nr)  is  the  projection 
map; 

(in)  f  G  n  HU?)- 


Then 


|rn: 


=oG  H‘ 


loc  1 


in  fact, 

||(^)k=o||/  <  CHWMWi  +  C7||^o/||,_1  +  CWfaPfofW,  (3.3) 

holds  for  a  ird.o.  P  of  order  zero  ES(P)  C  T,  where  f(x,t),  4>0 (x,t),  and  <fi(x,t)  G 
C^°(IR?l+1)  are  supported  near  the  trace  hypersurface  {x’n  =  0}  and  the  constant  C 1  depends 
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on  H8"1  fl  Hlmt{I<)-norm  of  fVa  with  f  €  C'^°(IR”)  and  supp(<j>),  supp  (<f>i)  C  supp(fo), 
0o  >  0  on  supp{<f>)  and  supp  (4> i). 

Idea  of  the  proof.  As  we  mentioned  before,  since  the  hypersurface  { xn  =  0}  is  a  time-like 
surface,  the  method  of  energy  estimates  cannot  be  applied  directly.  To  cure  this  difficulty, 
we  shall  alter  the  wave  operator  □  by  a  ijnd.o.  cutoff  technique  so  that  {xn  —  0}  becomes 
a  space-like  surface.  In  other  words,  we  shall  construct  a  strictly  hyperbolic  tp.d.o.  equation 
with  respect  to  the  trace  {xn  =  0}.  Since  the  operator  in  our  construction  is  differential  in 
xn,  the  standard  method  of  energy  estimates  (for  example  in  John  [9]  or  Taylor  [18])  can 
be  applied  to  get  the  basic  estimate.  Then,  the  microlocal  hypotheses  and  Theorem  2.1 
together  with  Lemmas  3.1,  3.2  will  complete  the  proof. 

Proof.  Let  70,71  be  two  conic  subsets  of  the  set  flo  x  {(^,0;)  €  IRn  ,  M  >  |£'|}  and  let 
n27^  C  n27inl,  where  II 2  maps  a  set  to  its  second  factor  or  the  frequency  space,  and  flo 
is  generated  by  fl  in  such  a  way  that  each  point  in  flo  may  be  traced  back  to  fl  along  the 
characteristics  of  the  operator  □.  That  is, 

flo  =  {(-A  0  €  IR?7+1 ,  3(.r0,  to)  €  fl,  x  —  Xo  —  At,  | A |  =  1}  . 

Then,  we  can  find  a  convolutional  operator  Q  €  (^(IR,  O-PS^IR")),  q  =  q(£',u),  that 
satisfies 

•  ES(Q)  C  71  and  0  <  Q0  <  1; 

•  Qo  =  1  on  70  fl  {(a;,  1,^,0.’),  |(^,w)|  >  1}, 

where  Q o(^',ce)  is  the  principal  symbol  of  Q.  Define  another  operator  E  as 

E  “‘i  Qa,,.t  +  (/  -  Q)A,.,, . 
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where  Dxiit  =  d2  —  8 2,  and  A x^t  =  8f  +  82,. 

Observe  that  the  principal  symbol  of  E 

Eq  =  Qo[u2  —  |£'|  )  +  (1  —  Qo)(^2  +  1^1  )  >  C(u>2  +  |£;|  )  , 

for  |(tu,£,)|  >  8,  with  some  positive  constants  C,8.  Hence,  E  is  an  elliptic  ip.d.o.  of  order 
two. 

Let  (f>  =  ( fr(x,t )  G  C~(lRn+1)  with  supp  (j>  C  {|rr„|  <  eo}-  We  then  have  a  strictly 
symmetric  hyperbolic  problem 

(-81  +  E)<pu  -  a (j>u  +  (  /  -  Q)( Ax/,t  -  nx,tt)<j)u 

(3.4) 

=  +  <f>j  T  d’V/x  •  Vu  +  (/  —  Q)(/\x'tt  —  LI x',t)4>u  ■ 

Since  <j>  is  compactly  supported,  we  actually  have  a  symmetric  hyperbolic  Cauchy  problem 
with  zero  Cauchy  data  with  xn  playing  the  role  of  “time”.  It  follows  from  a  hyperbolic  energy 
estimate  in  Taylor  [18]  pages  73-75,  bv  knowing  that  [□,</>]  and  [Ax/>t  —  are  operators 
of  order  one  and  two  respectively,  that 
II (H)  L,=o  ||/  <  C\\r.h.s.  of  (3.4) ||/_! 

<  C[||<M||/  +  ||d>/||/_i  +  || <?> V cr  •  Vu || /—i  +  ||(/  -  Q)d2x,(f)u\\i.x\  ,  (3.5) 

where  <pQ  G  C^°,  and  the  second  inequality  makes  sense  because  Q  is  a  convolutional  operator. 

From  the  hypotheses,  a  natural  extension  of  the  Proposition  in  Beals  and  Reed  [6]  pages 
176-177  leads  to  the  fact  that  u  G  tIlloc.  Thus,  the  generalized  Schauder’s  lemma  (Lemma 
2.2)  yields 

d>V<7  ■  Vu  g  H1-1  . 
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Therefore,  to  complete  the  proof  it  suffices  to  show  that 


(/  -  Q)dl,4>u  G  Hl~l  , 

which  requires  the  use  of  Lemma  3.1.  In  order  to  apply  Lemma  3.1,  we  choose  B  =  I  —  Q  € 
C,00(IR1,  OPS°(TRn))  of  order  m  =  0,  A  =  □  of  order  m0  =  2,  and  h  =  l  -  2  in  the  statement 
of  Lemma  3.1. 

Let  us  look  at  the  assumption  (1)  of  Lemma  3.1,  Ell(A)  (the  elliptic  region  of  A  =  □) 
is  easy  to  determine.  Actually  □  is  elliptic  away  from  the  light  cone  {tu2  =  |£|2}.  To  verify 
hypothesis  (3),  one  only  needs  to  look  at 

Oc)*,<pu  =  [□,  <)io]u  +  dl,(f){Wa  ■  Vi/  T  /)  , 

which  is  bounded  by  the  first  three  terms  in  (3.2);  hence  the  same  arguments  yield  that 
□d2/<^tz  €  Hl~i.  Therefore,  the  only  assumption  that  needs  to  be  checked  is  that 

« « //;y  (iniir+i  )\£//(o)i  n  nyssu  -  <?» 

and  this  demands  the  Beals- Reed  type  theorem  on  propagation  of  singularities  (Theorem 
2.1)  and  Lemma  3.2. 

In  the  statement  of  Theorem  2.1  choose 

(m,n0,n,l,s,q,e)  =  (2, n,  n  +  1,  /  -  1, s  -  1,  /,  1) 

then  the  microlocal  hypotheses  verify  all  the  assumptions  of  Theorem  2.1.  Notice  that  the 
main  assumption,  s  >  3  +  n/ 2,  is  required  by  the  corresponding  hypothesis  (i)  in  Theorem 
2.1.  Let  70  and  71  approach  the  set  flo  x  {(<f,cu)  :  |u/|  >  l^l}.  The  set 

[r(iRn+1)\£//(Q)]  n  ti-'ESii  -  Q) 
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is  contained  in  a  small  (conic)  neighborhood  of  the  Hamiltonian  flow  out  of  7.  Hence  Theorem 
2.1,  Lemma  3.2  (in  particular,  the  remarks  there),  and  the  microlocal  initial  hypotheses  yield 
that 

U  €  Hi*'  ([7"(!R”+1  )VEM(0)1  n  tl;'ES(I  -  Q))  . 

It  follows  from  Lemma  3.2  that  there  exists  a  ifj.d.o.  P  of  order  zero  such  that 

•  P  is  elliptic  on  [T*(lRn+1)\EU(n)]  n  II ?ES{1  -  Q)); 

•  [D,P]  €  OPS0; 

•  p  is  supported  near  {xn  =  0}. 

From  the  ellipticity  of  P,  Lemma  3. Land  Garding’s  type  inequality  Lemma  3.3  yield  that 

||(7  -  Q)c£<H|/-i  <  C\\diPdl,(j)u\\i-i  +  C\\(/)u\\r 

<  C\\\4>\P,  d2x,)<pu\\i-\  +  C\\<j>iP <j>u\\i+\  +  C 1 1 (j)u 1 1 r 

<  C  ||©0«||/  +  C\\(j)\P  +  C 1 1  <j)U  1 1  r 

for  any  r  G  IR.  Thus  the  proof  has  been  reduced  to  bounding  ||</>iP^u||;+i. 

Applying  (j>\P<j>  on  both  sides  of  equation  (3.1),  one  has 

□7 1  P<pu  —  [□,  <p\  P6\u  +  $iP<f)\7a  ■  Vu  -f  (J)iP(f>f  ■ 

Then  the  energy  estimates  together  with  a  simple  estimate  implied  by  the  commutator  lemma 
(Lemma  2.4)  yield 

II^MI/+i  <  c\\60u\\i  +  c WMlh-i  +  c\\<j)0P<t>f\\i ,  (3.6) 
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where  C  depends  on  the  Hs~l  fl  //^(/i  )-norm  of  t/>V<t.  Here  we  have  used  the  fact  that 
c )  €  C^c'(IR’l+1)  or  4>i(x,t)  has  compact  support  in  t. 

The  proof  of  Theorem  3.1  is  then  completed.  □ 

Two  remarks  on  Theorem  3.1  are  in  order: 

•  Hypothesis  (3.2)  requires  additional  microlocal  regularity  near  t  —  0,  as  demanded 
by  the  application  of  the  result  on  propagation  of  singularities.  This  hypothesis  is 
rather  difficult  to  verify  in  practice.  It  seems  that  similar  hypotheses  are  made  in  all 
the  previous  results  on  propagation  of  singularities.  We  believe  that  with  the  help  of 
a  duality  argument  Hypothesis  (3.2)  can  be  replaced  by  a  hypothesis  on  microlocal 
regularity  of  the  Cauchy  data  on  {1  =  0}.  Similar  (but  more  subtle)  approach  may  be 
found  in  Bao  and  Symes  [3].  Details  of  this  and  other  related  issues  will  be  addressed 
elsewhere. 

•  We  conjecture  that  the  regularity  assumptions  on  the  coefficients  can  not  be  strength¬ 
ened,  see  our  remark  on  Theorem  2.1.  The  fact  that  the  local  regularity  assumption 
on  /  is  optimal  is  evident.  However,  it  still  remains  to  see  that  whether  the  microlocal 
regularity  requirement  on  /  is  optimal. 
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